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ABSTRACT

In this paper we proposed two formulae to calculatenumber of elements of prime order of a figiteup. The
first one is used to calculate the number of prorder elements of a given direct product represiemaf an Abelian
group for a given positive integer. The second isngsed to determine the total number of elemehtgime order in a

symmetric groupS, of degreen.
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INTRODUCTION

Counting has been one of the greatest challengbetanankind since ages. To a modern day Matheraafici
counting principle is a great challenging inter&atoup theory opened the gates of research in omunBeveral path

breaking formula like Cauchy's, Sylow's theorem ate a testimony to it.

In this paper the main objectives are: 1) A mettmd¢ompute the number of elements of prime ordegawh
prime, which divides the order of the Abelian grofpr a given direct product representation of Adoelgroup for a
positive integer and also the total number of prorger elements. 2) Another method to calculatentimaber of elements

of prime order for each prime less thanas well as the total number of elements of primeoin a symmetric groufs,

of degreen.

MATHEMATICAL FORMULATION
Problem 1

Let G be a finite group of orden <o . We know from prime decomposition theorem that aatural numben

= nMp M m
can uniquely factorized (up to order of factoriaa)i i.e., N=ppy P mmy,.m 2 0. p 's are primes. We now
introduce the notion of partition number functidihe partition number functiof® is a map from N to N (N is the set of
all natural numbers), is defined as foIIovx?s(.n)’where N is any element from N, gives the number of wayw/irich N

can be decomposed in terms of numbers off whicimast one of them is equal tB, in descending order, i.e.,

n=m+n,+.+n,N=n,>..2n .

For example:P(4) = 5because the number 4 can be decompose&sl, 2+ 2,2+ &+ 1,3+ ¥ 1 We observe
that the prime decomposition of can be ordered int®(m)P(m,)...P(m ) possible ways. Let the set consisting of all

these possible factorization be denoted(by One can see that the above formula also givesuh@er of Abelian groups

of order n upto isomorphism which are the direct product wélic groups. ThusG=0, Z, ,where Z, denotes the

additive Abelian group of orded, , A, denotes a non-unit factor g™ . The question is that how many elements of order
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p; (say) exist in the grous with one of the representations frofh. The number of elements of order, denoted by

Ng is evaluated here as

n, =p" -1 (1)

where N; the number of group decompositions is involving Wdre groups of orderp',1<r <m. Suppose,
P, Po. .., P are primes which divides the order of the grouperT the total number of elements of prime ordethin

given representation of the Abelian group, dendtead, , can be determined by

k k
n=n, =2 M-k 2

We illustrate the formula by an example. L&t be a group of ordeB*5®. Now for this order the number of
Abelian groups upto isomorphism 1%, since P(4) =5,P(3)= 3. In this casep, =3,p, =5m, = 4m, = 3. Since Q is
the set of all possible factorization of3'5°, we choose few such possible factorizations say
3.3.3.38 ,8 .38 4555232325 The Abelian group representation correspondingthese factorizations are
G=2,0250230Z 302 ,,G=Z ,[Z ,[Z

GZ LZ 5[Z 5Z 5,GZ 32 ;12 @ 5 respectively. To

53: 531

each case let us now compute the number of eleroémisler 3 and 5. For the first representation the numbi¢f and

Ng corresponding top, =3 and p, =5 are 4 and 1 respectively. Hence the corresponding and ng are equal to
3*-1=80 and 5' - 1= 4 respectively andy, is 80+ 4= 84. Likewise, for the second representatid, and Ny are 2
and 1 respectively. So,n, =32-1= 8ng = 5-1= 4 and n, =8+4=12. Similarly, for the remaining two cases,

(nnsn) is equal to(3'-1,5 - 1,3+ 8- 2),(3- 15- 13 & . ie,(2,124,126),(8,24,3: respectively.

Problem 2

In this problem the main focus is on the symmegricup S, of degreen. We derive a formula to calculate the
number of elements of prime order & . We know that the order of an elementSy is the least common multiple of the
length of the disjoint cycles of the element. Iblsvious that there exist no element of a primeeorg in S, which is

greater tham . So the prime order elements are those ppmich are less than . This is done in the following manner.

It is known that if p<n then by division algorithm there exists positiméegerm such thatn =mp+r with 0<r <p.
The number of elements of order with only one cycle of lengthp is”Pp/ p . Likewise the number of elements of order
p written as product of two disjoint cycles, eachlarigth p, is calculated using the formuld‘pr n“’Pp)/(2!p2).
Continuing in this way we find that the number t#freents of orderp which is represented as disjoint cycles, each of
length p, can be calculated ag'P, x ""PP, x...x n‘(m_l)pPp)/(m!pm). Thus the total number of elements of order

which is denoted by(p) , is the sum given as follows

P, "R, x"PP

P x PP X, x (MDPp
n(p)= pp+ p p p

+...+
21p? m! p

m
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m j n-(-1pp
:ZI_I—XP 3)
j=1 1= pxi

Suppose, p;, p,,...,px are primes which are less than then the total number of elements of prime order,

denoted byT,, in §, can be determined by
k
Ty =D N(Pa),

z _ Pa (4)

=1 1= Pa X!

i n(-Dp.p ]

CONCLUSIONS

In this paper, the derived formula given by Eq$.gid (2) are used to compute the number of elesradrime
order for each prime as well as the total numbeng@iorder elements respectively correspondingdiven direct product
representation of a finite Abelian group. Similathe Eqgs. (3) and (4) represents the number ofeziésrof prime order for

each prime less than as well as the total number prime order elemesgpectively in a symmetric groufy, of degree

n. These formulae are useful to calculate the nurabprime order elements for the mentioned group.
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